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1, INTROQUCTION
In a paper entitled "Arithmetic in a One's-Complement Computer"

P. Billingsley gives some sufficient conditions in order that a One's-
complement computer produce the correct® quotient and correct non-
negative remainder, We shall prove that if his conditions are slightly
sharpened they are necessary and sufficient., Also we shall prove a
conjecture of Campaigne and Gingerich on a necessary and sufficient
condition for correct diviston.

® See condition D, paragraph 4 below,

2. THE ALGORITHM
Using the notation of Billingsley tho algonthm for division

follows:
Initiel contents
QR is cleared
XR contains divisor X
AC contains dividend A

Algorithm
1, Case I: If a47 = 0, go to step 2,

Case II: If a,, - 1, absolute subtract XR into AC,

47
2. Shift AC 24 places., (All shifts are from right to left.,
3. Do 24 times:

a, Snift A° one place,
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b, If 8oy = x23' subtract XR into AC and insert

1 in qp.
If ag, # 153, add X2 into AC,
c. Shift QR' one place.
ate con s

conteins q = Q3 Qpp oo 9

R

XR contains divisor X

AC contains precliminary remaindqr Y.
Do

4. onc of thc following:

a. If agy =1, if Casc I: Absolute add XR into
AC, rcplace qg by Qz3.
1, if Case II: Absolutc add XR into AC,

b. If 8oy

c. If ap, 0, if Case I: No action.

d. If apy =0, if Case II: Replace qp by Qo3

Final contents
QR contains quotient <
XR contains divisor X
AC contains rcmainder R

Observo that in 24 repitions of step 3b of thc algorthm we suc-

cossivoly and in this order determine qg, 423 422+ e Q. We

can therefore immediatcly statce

LEMMA 1

If A and X arc of samc sign qy = 1 and if A and X arc

of oppositec sign qg = Oe

A
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4n oxamination of stop 4 rcveals that qoz 1is not modificd.

Thereforc we can immodiatcly statc
LEQA 2

q and Q arc of samc sign.

3, CONCEPTUAL :iODIFICATION OF THE ALGORITHM

In division by hand it is not customary to shift tho dividend
and successive rcmaindcre as is donc in stcps 3 of the machine algo-
rithm, Instcad succcssively decrcasing powers of two times the divisor
arc addcd to or subtractcd from successive remainders. Howover, this
distinction is only concoptual and wc shall throughout this papor troat
thc machinc algorithm as though it takcs place in the latter manner,

As an cxample consider an eight digit AC and four digit QR

and XR, Then with X = 0101, A = 00100001 the machine algorithm

produces

AC 00100001 QR 0000 XR 0101
A4 00010010
ALl 00100100 0001
- X 00000101

00011111 0010
ALl 00111110 0010
+ X -11111010

01000011 . 0100
ALl 10000110 0101
- X 00000101

10000001 1010
ALl 00000011 1011
- X 00000101 -

11111101 i 0111

/i
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0111 ) 0110

w0
"

11111101 R 00000011

e |
"

The underlined digits are thc ones comparod with Xz to
dcternine 9, 93, 9o and q;.

Dividing by the sccond mecthod we have

1011
0101 100100001
-0
11111000
+ 0101
00001101 -
- 0101
00000011
- 0101
11111101
0111 )

| 0110

"
1"

r = 11111101 R 00000011

"

The underlined digits arc again those which are compared and
the rcepective successive rcmainders in the two divisions arc slides

of cach othcer,

4, CORRECT DIVISION
Wec shall now statc our definition of corrcct machine division
as follows:
DEFINITION
The division algorithn is "correct" if
(1) A = W+ R
¢ (11) () ¢ 2°-1

(i11) 0= R =< |X|

o i
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Division is not corrcct if 9 = Q3-

PROOF

i - 1 Q9 = Gpzs then by Lommas 1 and 2 Q is negntive if A and
X arc of oppositc sign. But this contradicte (1) and (ii11) of
the definition unlcse A = 0 or QY =0, But Billingsloy showed
Q ; Qoz if A =0, It only romains to consider Q = O, ie.,
A - R and therefore by (111) AD> 0, A< |X|., If X0

division proccods as follows:

A-28x-r ;

Tus Gy =1 and r< 0 with ir|< (2% -1) xg(2® - 1)%¢2%,

Therefore the two loft hand digits of ry areonc's and Qpq = 0

and U # 9. The rosult for X > 0 follows by comploments,

5. THE FUNDAMENTAL THEORGN
Billingsley proved the following:

T
THEOREY 1
A sufficicnt condition that 2 one's-complemont couwputer perform

corroct division is; .

1
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4-28 |xl<o

oy
}a‘;?:l]
A- IX1+221x1>0

We shall aesume thc rcsults of Theoren 1 and prove
THIOREM 2
A neccssary and sufficient condition that a onc's-complenent
computer porforn corrcct division is;
CASE of [a47 s 03
A-22 |xlco

ag 3 fop=1 G- i, =]

-

A- x] +2® 1x1>0

!
o
A

1, (A - 1x\)4,,

CASE Y (}47
.
F OF ICIENCY

CASE 4
Follows from Thecorcn 1,

casg (%
Follows fron Theorcn 1 unlose

But thon division prococde as follows if X>O0:

- B

L/
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D105k, 0
X 1a- 1x|
+ 228 x|
A~ 3%l 39® [ 2] =0
- 222 | x|
- 222 |x'
+ 221 |x|

-222 |x| +22 x| +...4 |x| =~ 1%

The discussion of nagnitudes of successive ronainders which
justifics all additions aftcr thc sccond step is trivizl and will be
omitted, Then q-10.,.,0 and r = ~ | XI . Step 4b implies
Q=q=-2%8_-1 and R -0 which is correct.

The result for X< 0 follows by complecnents,

CASE
Since the condition is never satisfied there is nothing

to prove.

PROOF OF NECESSITY
We shall disregrord the case X = O since in that case the

conditions of Theorem 2 arc never satisfied and division is never

corrcct,

CASE Oy

Assumo‘that division is correct. Then
lal < (28 -1) | x| +2<@®-1) (x| ¢+ || =

-2 |

7/
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To prove that correct division implics
A- (x] +2%2 | x| = 0, vo shall assume 4 - (X\ 4 220 \xl<o
and prove that division is incorrect. Thon division procceds as
follows for X >O0:
0

X 1A~ 1Xi .
+ 223 1x! s

A- 1% +2%0 |X\zn

Hore gy =1 eand r) < O by hypothcsis, .If \rl\( 246
Qyz = 0 and by Loma 3 the division is incorrect. If '|ry | > 2%,
el 0@ -2 |2 - .= X} 2P - @B aayix)e
228 - @8 -12-22-1-2R-1)+1>2 x|,
and R > (X| which is incorrect for division by definition,

If X4 0 the result follows by complcments,

CASE v
This casc is poculiar to machino subtraction which

takos A< 0 and produces A - | X| > 0. But this can happen

only if A 1is a nachinc mumber with Ay = 1 and 346 and

"several®™ consccutivo digits = O, in othor words, {f |Al is
very large, Morc procisely if A< O and A - | X| > 0,
thon ~A+ | X| 2 247 ana 2229 - 2241, put a2
A-Q{+R with ||, |X| and R all less than 223,

then

AS(2¥- 1) $(2B-1) 78 . 2B
which is a contradiction,
o
-8 - ﬁ,f//
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6. THE CAMPAIGNE-GINGZRICH THEOREM

Campaigne conjecturcd condition (.§) and later Gingerich con-
jecturod conditions ‘(.') and (~) and indicatod a particl proof of
THEORE!! 3

Nocessary and sufficient conditions that a onc's-complement con-

puter porforn corrcct division arc that

(<) 9 # 93, and
(6) 223 lRl\ < 2% ynore R, 1is tho contonts of AC

aftor thc first of tho 24 stcps of
3b in thc algorithn,
NOTE, If wo think of thc dividend as stationary and the successive

additions and subtractions of powers of two tines X to 4

as in paragraph 4, thon condition (i) is that after qq

and beforc have becn detcrnined, the ronaindor Ty

U
satisfics

46

PROOF OF SUFFICIXNCY
Wo shall give a proof by contradietion. That is we shall assunc

corrcct division is not perforned and shall first show that (.5) or
(¢) 1s contradicted 1f X # O,
CASE [a4 = o_\

Agsunc X > 0. Tho proof for X< O follows by complonents.

‘u“ - 9 -

o ?///
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Since division is incorrect, by Theoran 1 A > 223 X,

Then division proccecds as follows:

1
X /A
-223 1 x!

A-28 1 xl=r20

Thon the left digit of r; = O and tho next digit is
zero if and only if T < 245, and than Qg = 1= q

contradicting (dJ).

-

g7 = 1

- —

cast 3 [ap, =1, (4-'X)
‘ Thc proof is sinilar to that for ease . with A,
A>223 X and ry =4- 223 X roplaced respectively
by A- X\, A- |X] +221X1< 0 and
ry=A- x| 4223 xl
WUsT Y fag =1, (A-1X{)y; =0]

If A<O and 4- |X| > 0, 247« 4 - |X|.

Hence

A- (x| -2 x| > 47 - 22 x>
247-223(223-1)=245+1>2‘35.m (@)

does not hold,

5 |

1\

m

) 5 ¢ X:O,OSqO 847—1(!10d3), Oqus;a“-l(nodZ)

and ry = A, Then if a,, = a,, ;= Qy; and () does not hold, -

and if o4, # 845, |4|= 2% and (G) does not hold.

=2 [
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PROCF OF WECESSITY

Ve shall prove that if division is performed correctly conditions

(¢) and (7)) hold. 3But condition () holds by Lemma 3,
CASE

.

Agsume correct division and not condition (0 ), i.e.,

lfﬂZ?“-

en |rl = 2% -2% 1 x| - ... - |x| =

v

2% (2% L) 21D I . R i
>2(228-1)+12 21x| 51,

-~

IRl > 1X| and (J) holds.
GASE ~

The proof is identical with Case (-~/)
CASE ¥

Yo proof is needed since division is pever correct,

COROLLARY 1
1If A2 0,
, (1) if A< 2® |X| aivision is correct,

(11) 12° 223 Ix| € A< 2% |x| + 296, (§) fatle and (G7) holds,

(121) 12 A2 22| x| 4 26 () holds and (@) fails.

R, A, Leibler,
July 15, 1949,

///,/
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